Abstract: An efficient method for computing the problem of an electromagnetic beam transmission through deep periodic dielectric gratings is presented. In this method the beam is decomposed into a spectrum of plane waves, transmission coefficients corresponding to each such plane wave are found via Rigorous Coupled Wave Analysis, and the transmitted beam is calculated via inverse Fourier integral. To make the approach efficient for deep gratings the fast variations of the transmission coefficients versus spatial frequency are accounted for analytically by casting the summations and integrals in a form that has explicit rapidly varying exponential terms. The resulting formulation allows computing the transmitted beam with a small number of samples independent of the grating depth.
1-Introduction
Dielectric gratings are used in numerous applications. One example is "imaging fiber bundle", an array of parallel dielectric fibers, where each fiber is a high index multimode waveguide surrounded by a lower index cladding (Fig. 1 ). Such fiber bundles (FB) provide a non-imaging transfer of the spatial distribution of light between two surfaces, with applications such as endoscopic imaging [1, 2] and image sensing of a curved input surface [3] to name but a few. The ability to efficiently and accurately model such structures is becoming increasingly important. This is especially true as applications emerge with the spatial period of the fiber structure and the image sensor being on the order of a few microns [4] [5] [6] . Accurate and efficient modeling of the spatial resolution of the FB is complicated due to the energy transfer between its modes [7] [8] [9] as the extended guided modes interfere strongly as the depth of grating increases. Often, the fibers in the bundle can be considered periodic or periodic with multiple fibers per period. The excitation may be a plane wave, but more often the excitation is a beam or a spatially modulated image. When the bundle is considered to be periodic, the computational problem is one having a periodic geometry with an aperiodic excitation. Several methods can be adapted to numerically model such deep gratings [10] [11] [12] [13] . One possible approach is to use coupled mode analysis [14, 15] but it makes approximations in terms of neglecting the propagating spectrum. Another approach is the Fourier decomposition of the incident field [16] , in which the incident field is decomposed into a spectrum of plane waves. For each such plane wave the problem becomes completely periodic. The transmitted diffraction orders can be calculated for each wavenumber using a periodic solver, e.g. Rigorous Coupled Wave Analysis (RCWA) [17, 18] . Transmitted output field is then calculated by taking the inverse Fourier transform of the transmitted field for each diffraction order. However, using this approach becomes complicated for very deep gratings. The difficulties arise from the fact that the transmitted diffraction orders have fast phase variations in their wavenumber dependence, which are associated with the large propagation range.
Fourier decomposition of the incident field has been used along with Rigorous Coupled Wave Analysis [16] to analyze the scattering of a confined beam off a periodic structure. In this method, the incident beam is decomposed into a spectrum of plane waves, the transmission coefficients corresponding to these plane waves are calculated using the Floquet theorem via RCWA, and the final transmitted beam is computed from the inverse Fourier integral. However, such an approach results in a large computational cost for very deep gratings. In this paper we propose an alternative method, using the analytic property of Bloch waves propagation in the grating region to compute the transmitted field with a much smaller number of samples in deep gratings. This computationally efficient method requires keeping track of individual Bloch waves created at the input facet of the grating. The method neglects the insignificant multiple internal scattering of Bloch waves in the grating region. The resulting Bloch wave excitation coefficients and the corresponding components in the transmitted field vary slowly as a function of the angle (or wavenumber). Using the slow variation property, we developed a semi-analytical method that computes the transmitted field using FFTs with a much smaller number of samples. This number of samples is nearly independent of the grating depth. The result is a major computational speed up, which enables fast computations of the transmitted fields in very deep gratings. The paper is organized as follows. Section 2 provides problem statement. Section 3 presents the numerical formulation describing all the steps for efficiently computing the transmitted beam. Section 4 presents numerical results supporting the numerical formulation. Section 5 summarizes and discusses the findings.
Problem statement
Consider a grating composed of a dielectric material with a complex permittivity that is periodic in the x direction with period Ʌ (Fig. 1) . Each period can comprise only a single fiber or multiple fibers, typically with a random position. The grating depth (d) is much greater than the period or the wavelength with typical values of tens of thousand of wavelength. A TE-polarized optical beam with the electric field in the y-direction is incident on the grating from the top. The incident beam is coupled into a set of guided modes of the grating. The set of guided modes propagate through the structure and are coupled into the transmitted beam propagating downwards. The considered structure is periodic but the exciting beam is aperiodic. The beam, however, can be decomposed into a continuum of plane waves via Fourier transform. For each such plane wave both the excitation and the structure are periodic. For such a periodic problems the Floquet theorem can be used to represent the solution in terms of a discrete set of plane waves. Furthermore, the rigorous coupled wave analysis (RCWA) can be used to find the coefficients of the scattered plane waves, excited (Bloch) waves in the grating, and the transmitted field. This RCWA solution can be further simplified by utilizing the fact the grating is very deep and neglecting the multiple bounces of the grating Bloch waves between the entrance and exit interfaces. As a result, the problem is reduced into three parts: coupling into the grating at the entrance interface, propagating from the entrance to the exit interface, and coupling out of the grating at the exit interface. Once the coefficients of each plane wave corresponding to the incident beam decomposition are found the resulting transmitted beam is calculated via Fourier transform. The following important components need to be addressed to allow efficiently solving this numerical problem: (i) computing the coupling (scattering, reflection, transmission) coefficients, (ii) calculating the Bloch waves, and (iii) computing the Fourier decomposition integral for the transmitted beam with a small number of samples even at very large propagating distances. These aspects are addressed in the next section.
Formulation

Global RCWA formulation
The electric field of the incident beam at the entrance interface can be represented via a continuous Fourier decomposition
where
represents coefficients of the incident beam's plane wave spectrum. Once the plane wave spectrum of the incident wave is known the Floquet theorem can be applied to calculate the scattered fields (reflected and transmitted) via diffraction coefficients for the periodic structure. The diffraction coefficients are found by matching the electric and magnetic fields at input and output interfaces using a set of forward and backward Bloch waves for the grating region. We start with a summary of the general RCWA procedure [17, 18] and simplify it to account for the decoupling between the entrance and exit interfaces due to the large depth of the structure. The periodic permittivity is first expanded via the Fourier series 
where i R is the reflection coefficient in region I and i T is the transmission coefficients in region II, , 2 , .
The electric and magnetic fields inside the grating region can be written using a set of forward and backward Bloch waves (4) and (6) one can match the electric and magnetic fields at input and output interfaces to obtain the following system of equations
where 0 i δ is the Kronecker delta function. Equations (7) and (8) can be solved simultaneously to calculate the scattered diffraction orders, which is the complete rigorous solution of the plane wave scattering from the periodic structure known as RCWA. We refer to this complete solution as Global RCWA (G-RCWA) in the rest of the paper.
Forward RCWA formulation
The coupling between the forward and backward waves can be weak, e.g. due to losses, scattering, or weak reflections at the interfaces, as in the case of deep transmissive gratings or imaging fiber bundles [4] [5] [6] . In this case, the equation sets (7) and (8) 
In the second step, the first interface's transmission coefficients m c + are already known and
give the amplitudes of the forward Bloch waves, which serve as an excitation for the second interface after propagating through the depth of grating. The scattering problem at the second interface is described by Eq. (8) 
where ,
is the same as before with T is determined by the contribution of all Bloch waves and therefore, it is impossible to smooth its wavenumber dependence, due to its rapid variations and the large number of samples requirement.
Semi-analytical approach
The effect of the rapid variations associated with the factor 
The summation in Eq. (14) (14) . To this end, the Fourier integral in Eq. (14) can be represented via a discrete sum of integrals 
4-Numerical analysis and results
We start with verifying that the F-RCWA approach compares well to the G-RCWA one. To that end, a straight grating (waveguide array) of 1.5 μm period and 1 cm depth was analyzed at a wavelength of 550 nm with the F-RCWA and G-RCWA solutions. The grating depth corresponded to 18,200 wavelengths and depth-period ratio was 12,133. Schott's imaging fiber bundle's (FB) material [19, 20] was used to make the comparisons more realistic. The FB consisted of 30% cladding with refractive index of 1.48 and 70% core with refractive index of 1.81. Figure 2(a) shows the total transmitted power calculated by G-RCWA and F-RCWA versus incident angle when the medium in region II is vacuum. Total transmitted power was calculated by summing up the transmitted diffraction orders. The rapid fluctuations of the transmitted power can be observed in both calculated methods due to the fast variations of the exponential terms describing the Bloch waves propagation through the grating. Figure 2(b) shows the transmitted power when an index matching oil with refractive index of 1.6 was used in region II similar to what was used in the experiment. The index matching oil reduces the amplitude of multiple reflections and the scattering of the field at the output interface. The transmitted beam was also calculated in both non-matched and matched cases as shown in Figs. 2(c) and 2(d) , respectively. Although the variations in the transmitted diffraction orders and power are high in the non-matched case, the transmitted intensity profiles are very similar when the sampling is dense enough for both cases. This agreement shows that the F-RCWA approach is sufficiently accurate. We proceed with the analysis of validity of the semi-analytical approach of Sec. 3.3. The same waveguide parameters were used to analyze the F-RCWA solution using both the proposed semi-analytical and direct DFT approaches. Medium II was chosen to be vacuum. Although the negligible multiple reflections are disregarded in the forward solution, the problem of fast phase variations still exists and requires a large number of samples for the direct solution. (15) are slowly varying functions of x k as seen in Fig. 3(b) and Fig. 3(c) , which show the phase and amplitude of the first two Bloch waves. Yet, for a large propagation distance, the exponential summation of the involving phases yields the rapidly varying transmission coefficients as a function of wavenumber (or angle). One can take advantage of the knowledge of these smooth functions by using Eqs. (15) and (16) to analytically calculate the rapidly varying integrand with much smaller number of samples. Figure 4 compares the semi-analytical and direct FFT approaches using F-RCWA solution as well as the G-RCWA solution for the transmitted output intensity. In order to quantify the efficiency of the proposed method, Normalized Root Mean Square Error (NRMSE) of the output intensity was calculated versus the depth of the same waveguide array through F-RCWA. The error is defined as
where 1 I is the accurate solution calculated with G-RCWA, 2 I is the solution with semianalytic and direct F-RCWA methods for smaller number of samples, and L is the integration range. Figure 5 shows the calculated normalized RMSE through direct IFFT and the proposed semi-analytic approach. The error is then calculated with respect to the accurate field in the ± 10 μm range (i.e. L = 20 μm) for all depths of the waveguide array. As the depth of grating is increased a larger number of samples is required to achieve the same level of accuracy. The reason for that, as described before, is the faster variation of the transmitted diffraction orders and propagating Bloch waves with spatial frequency (angle), which requires a larger number of samples to calculate the field properly. For the same number of samples, the proposed semi-analytic approach yields a more accurate result as it calculates the inverse Fourier transform peace-wise analytically. Importantly, the accuracy of the proposed semi-analytical method is to an acceptable level independent of the depth of grating. Therefore, the electric or magnetic field can be calculated at any depth without the need to increase the number of samples as long as the initial number of samples is high enough to smoothly follow the Bloch waves variations with incident angle. The computation time of the proposed semi-analytic method, direct F-RCWA method and direct G-RCWA method on a single core of a 2.6 GHz Intel Core i7-3720QM CPU is presented in Fig. 6 . The number of samples was chosen such that the normalized RMSE was fixed at the value of 2% for all grating depths by using Eq. (18) for the three calculation methods. One can note that the computation time for the proposed method is nearly independent of the grating depth. The slight increase of the computational time for deeper gratings in the proposed method is due to the fact that in this case higher order Bloch waves contribute more to the output beam and hence a slightly greater number of samples is required. The proposed method is much faster than both direct G-RCWA and direct F-RCWA methods. Table 1 summarizes the improvement in computation time and number of samples for the given problem. It is evident that the proposed method is up to 33 faster than the G-RCWA and F-RCWA methods for the given grating depths. Finally, Fig. 7 shows the normalized intensity of a 1D periodic waveguide array calculated with the proposed method. The waveguide core and cladding refractive indices are 1.554 and 1.550 and the widths are 3.5 μm and 5 μm respectively. The incident wave is a Gaussian beam with 1/ e beam width of 3 μm at a wavelength of 633 nm and normal angle of incidence. We note that that the intensity profile at each height was calculated using the same Bloch eigenmodes and eigenvectors. As the Gaussian beam propagates through the waveguide, it couples into the adjacent waveguides and the diffraction pattern of the waveguide array is observed. Fig. 7 . Intensity pattern of a 1D periodic waveguide array.
5-Summary
An efficient numerical method was proposed to calculate the transmission of an electromagnetic beam through a deep periodic dielectric grating. The incident beam was decomposed into its Fourier spectrum of plane waves and the propagating Bloch waves for the periodic grating region were calculated for each plane wave component using RCWA. The RCWA solution was simplified by considering the forward propagating contributions and it was shown that there is an insignificant difference between the F-RCWA and G-RCWA solutions for deep gratings. As the depth of grating increases the variation of the transmission coefficients becomes faster as a function of spatial frequency, and therefore a larger number of samples is required for accuracy. Individual treatment of the propagating Bloch waves enabled us to calculate the inverse Fourier transform semi-analytically using both analytical integration of individual Bloch waves and FFT. The advantage was using the FFT to maintain the speed while accounting for the fast phase variations through analytical integration to maintain the accuracy of calculations with a smaller number of samples. It was shown that the presented formulations lead to accurate and efficient calculation of the output field.
